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Abstract— In this paper, a backstepping control of the one-
phase Stefan Problem, which is a 1-D diffusion Partial Dif-
ferential Equation (PDE) defined on a time varying spatial
domain described by an ordinary differential equation (ODE),
is studied. A new nonlinear backstepping transformation for
moving boundary problem is utilized to transform the original
coupled PDE-ODE system into a target system whose expo-
nential stability is proved. The full-state boundary feedback
controller ensures the exponential stability of the moving
interface to a reference setpoint and the H1-norm of the
distributed temperature by a choice of the setpint satisfying
given explicit inequality between initial states that guarantees
the physical constraints imposed by the melting process.
I. INTRODUCTION
Diffusion PDEs with moving boundaries have been studied
actively for the last few decades, and their understanding
continues to be of high interest due to their extent for various
industrial processes. Representative applications include sea-
ice melting and freezing [1], continuous casting of steel [2],
crystal-growth [3], and thermal energy storage system [4].
While the numerical analysis of these systems is widely
covered in the literature, their control related problems have
been addressed relatively fewer. In addition to it, most of
the proposed control approaches are based on finite dimen-
sional approximations with the assumption of an explicit and
known moving boundary [5], [6], [7]. For instance, diffusion-
reaction processes with explicitly known moving boundaries
are investigated in [6] based on the concept of inertial
manifold [8] and the partitioning of the infinite dimensional
dynamics into slow and fast finite dimensional modes. We
also refer the reader to [7] for the motion planning boundary
control of a one-dimensional one-phase nonlinear Stefan
problem based on series representation which leads to highly
complex solutions that reduce the design possibilities. Instead
of controlling the position of the liquid-solid interface by
means of the temperature or the heat flux at the boundary, [7]
solves the inverse problem assuming a prior known moving
boundary which help to derive the manipulated input.
More complicated approaches that lead to significant
mathematical complexities in the process characterization
are developed based on an infinite dimensional framework.
These methods impose a number of constraints on the initial
data and the state variables to achieve convergence of the
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dynamical coupled systems to the desired equilibrium. In
order to avoid surface cracks during the solidification stage
in a steel casting process represented by a diffusion PDE-
ODE system defined on a time-varying spatial domain, an
enthalpy-based Lyapunov functional is used in [2] to ensure
stabilization of the temperature and the moving boundary at
the desired setpoint. The aftermentioned results are derived
restricting a priori, the input signal to be strictly positive
and the moving boundary to be a non-decreasing function
of time. In [9] a geometric control approach [10]–[12] that
enables the manipulation of the boundary heat flux to adjust
the position of a liquid-solid interface at a desired setpoint
is proposed, and the exponential stability of the L2-norm
of the distributed temperature is ensured using a Lyapunov
analysis.
In this paper, the backstepping control [13], [14] of a
one phase Stefan problem [2], [9], [15] is studied. The ex-
ploitation of the PDE backstepping methodology for moving
boundary problems is not well investigated in the literature.
An extension of the backstepping-based observer design to
the state estimation of parabolic PDEs with time-dependent
spatial domain was proposed in [16] with an application
to the well-known Czochralski crystal growth process. The
authors offer a design tool for the stabilization of an unstable
parabolic PDE system with moving interface using a collo-
cated boundary measurement and actuation located at the
moving boundary. The novelty of our approach relies to the
proposition of a new nonlinear backstepping transformation
that allows to deal with moving boundary problem without
the need to rescale the system into a fixed domain. Our
design of backstepping transformation for moving boundary
stands as an extension of the one proposed in [17]–[19]
for linear PDE-ODE defined on a fixed spatial domain. The
proposed controller enables the exponential stability of sum
of the moving interface and the H1-norm of the temperature
profile under physical constraints which restrict the choice
of reference setpoint with respect to the initial data.
This paper is organized as follows: The one-phase Stefan
problem is presented in Section II and the control related
problem in Section III. Section IV introduces the nonlinear
backstepping transformation for moving boundary problems.
The properties of the proposed backstepping controller are
stated in Section V and the Lyapunov stability of the closed-
loop system under full-state feedback is established in Sec-
tion VI with the exponential convergence of H1-norm of
the distributed temperature and the moving boundary to the
desired equilibrium. Supportive numerical simulations are
provided in Section VII. The paper ends with final remarks
and future directions discussed in Section VIII.
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II. DESCRIPTION OF THE PHYSICAL PROCESS
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VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
exponential stability of sum of the moving interface,
H1-norm of the temperature, and estimation error of them
through a measurement of the moving interface. A nonlinear
backstepping transformation for moving boundary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guarantees some physical
properties required for the validity of model and the proof
of stability. The main contribution of this paper is that,
this is the first result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem theoretically. Although the Stefan Problem
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Fig. 3. The positiveness verification of the controller.
has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
0 s(t) L
REFERENCES
[1] Robert H. Martin and Mark E. Oxley. Moving boundaries in reaction-
diffusion systems with absorption. Nonlinear Analysis, 14(2):167 –
192, 1990.
[2] W. B. Dunbar, N. Petit, P. Rouchon, and Ph. Martin. Motion planning
for a nonlinear stefan problem. ESAIM: Control, Optimisation and
Calculus of Variations, 9:275–296, 2003.
[3] Bryan Petrus, Joseph Bentsman, and Brian G Thomas. Enthalpy-based
feedback control algorithms for the stefan problem. In CDC, pages
7037–7042, 2012.
[4] N. Daraoui, P. Dufour, H. Hammouri, and A. Hottot. Model predictive
control during the primary drying stage of lyophilisation. Control
Engineering Practice, 18(5):483–494, 2010.
[5] F. Conrad, D. Hilhorst, and T. I. Seidman. Well-posedness of a moving
boundary problem arising in a dissolution-growth process. Nonlinear
Analysis, 15(5):445 – 465, 1990.
[6] A. Armaou and P.D. Christofides. Robust control of parabolic PDE
systems with time-dependent spatial domains. Automatica, 37(1):61 –
69, 2001.
[7] N. Petit. Control problems for one-dimensional fluids and reactive
fluids with moving interfaces. In Advances in the theory of control,
signals and systems with physical modeling, volume 407 of Lecture
notes in control and information sciences, pages 323–337, Lausanne,
Dec 2010.
[8] Panagiotis D. Christofides. Robust control of parabolic PDE systems.
Chemical Engineering Science, 53(16):2949 – 2965, 1998.
[9] Bryan Petrus, Joseph Bentsman, and Brian G Thomas. Feedback
control of the two-phase stefan problem, with an application to the
continuous casting of steel. In Decision and Control (CDC), 2010
49th IEEE Conference on, pages 1731–1736. IEEE, 2010.
[10] Ahmed Maidi and Jean-Pierre Corriou. Boundary geometric control of
a linear stefan problem. Journal of Process Control, 24(6):939–946,
2014.
[11] C. Karvaris and J. C. Kantor. Geometric methods for nonlinear process
control i. Background, Industrial & Engineering Chemistry Research,
29:2295–2310, 1990.
[12] C Karvaris and J. C. Kantor. Geometric methods for nonlinear process
control ii. Controller synthesis, Industrial & Engineering Chemistry
Research, 29:2310–2323, 1990.
[13] Ahmed Maidi, Moussa Diaf, and Jean-Pierre Corriou. Boundary
geometric control of a counter-current heat exchanger. Journal of
Process Control, 19(2):297–313, 2009.
[14] Miroslav Krstic and Andrey Smyshlyaev. Boundary control of PDEs:
A course on backstepping designs, volume 16. Siam, 2008.
[15] A. Smyshlyaev and M. Krstic. Closed-form boundary state feedbacks
for a class of 1-d partial integro-differential equations. Automatic
Control, IEEE Transactions on, 49(12):2185–2202, Dec 2004.
[16] Mojtaba Izadi and Stevan Dubljevic. Backstepping output-feedback
control of moving boundary parabolic PDEs. European Journal of
Control, 21(0):27 – 35, 2015.
[17] Shuxia Tang and Chengkang Xie. Stabilization for a coupled PDE-
ODE control system. Journal of the Franklin Institute, 348(8):2142–
2155, 2011.
[18] S. Gupta. The classical Stefan problem. Basic concepts, Modelling
and Analysis. Applied mathematics and Mechanics. North-Holland,
2003.
[19] S. Koga, M. Diagne, S. Tang, and M. Krstic. Backstepping control of
a one-phase stefan problem. In ACC (accepted), 2016.
0 50 100 1500
0.1
0.2
0.3
0.4
Time (min)
s
(t
),
sˆ
(t
)
 
 
s(t), state
sˆ(t), estimation
sr = 0.35m
Fig. 1. The moving interface.
0 50 100 1500
0.002
0.004
0.006
0.008
0.01
Time (min)
s˜
(t
)2
 
 
ϵ = 0.02
ϵ = 0.04
ϵ = 0.06
Fig. 2. H1 norm of the temperature.
VIII. CONCLUSIONS AND FUTURE WORKS
Along this pap we proposed an observer design and
boundary utput feedback controller that chieves the
exponential stability of sum of the moving interface,
H1-norm of the emp ature, and estimation error of them
through a measur ment of the moving interface. A nonli ear
backstepping transform tion for oving boundary problem
is utilized an he contr ller is proved to keep positive with
some initial conditions, which guarantees some physical
properties require for the validity of model and the proof
of sta ility. The main contribution of this paper is that,
this is t e firs result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem t oretically. A though the Stefan Problem
0 20 40 60 80 1000.3
0.31
0.32
0.33
0.34
0.35
0.36
Time (min)
s
(t
)
 
 
Critical region
StateFB
OutputFB
sr = 0.35m
Fig. 3. The positiven ss verification of the controller.
has bee well known model since 200 years ago related
wit phase tra sition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
nd it is investigated as a future work.
0 s(t) L
REFERENCES
[1] Rob rt H. Martin and Mark E. Oxley. Moving boundaries in reaction-
diffusion systems with absorption. Nonlinear Analysis, 14(2):167 –
192, 1990.
[2] W. B. Dunbar, N. Petit, P. Roucho , and Ph. Martin. Motion planning
for a nonlinear stefan problem. ESAIM: Control, Optimisation and
Calculus of Variations, 9:275–296, 2003.
[3] Bryan Petrus, Joseph Bentsman, and Brian G Thomas. Enthalpy-based
feedback cont l algorithms for the stefan problem. In CDC, pages
7037–7042, 2012.
[4] N. Dar oui, P. Duf ur, H. Hammouri, and A. Hottot. Model predictive
control during the pr mary drying stage of lyophilisation. Control
Engineering Practice, 18(5):483–494, 2010.
[5] F. Conr d, D. Hilhorst, and T. I. Seidman. Well-posedness of a moving
boundary problem arising in a dissolution-growth process. Nonlinear
Analysis, 15(5):445 – 465, 1990.
[6] A. Armaou and P.D. Christofides. Robust control of parabolic PDE
systems with time-dependent spatial domains. Automatica, 37(1):61 –
69, 2001.
[7] N. P tit. Control problems for one-dimensional fluids and reactive
fluids with moving int rfaces. In Advances in the theory of control,
signals and systems with physical modeling, volume 407 of Lecture
notes i control and information sciences, pages 323–337, Lausanne,
Dec 2010.
[8] Panagio is D. Ch ist fides. Robust control of parabolic PDE systems.
Chemical Engineering Science, 53(16):2949 – 2965, 1998.
[9] Bry Pet us, Joseph Bentsman, nd Brian G Thomas. Feedback
control of the two-phase stefan problem, with an application to the
continuous casting of steel. In Decision and Control (CDC), 2010
49th IEEE Conference on, pages 1731–1736. IEEE, 2010.
[10] Ahmed Maidi and J an-Pierre Co riou. Boundary geometric control of
linear st fan problem. Journal of Process Control, 24(6):939–946,
2014.
[11] C. Ka varis and J. C. Ka tor. Geometric methods for nonlinear process
control i. Background, Industrial & Engineering Chemistry Research,
29:2295–2310, 1990.
[12] C Karvaris and J. C. Ka tor. Geometric methods for nonlinear process
control ii. Controller synthesis, Industrial & Engineering Chemistry
Research, 29:2310–2323, 1990.
[13] Ahmed Maidi, Moussa Diaf, a Jean-Pierre Corriou. Boundary
geometric control of a counte -current heat exchanger. Journal of
Process Control, 19(2):297–313, 2009.
[14] Mirosl v Krstic and Andrey Smyshlyaev. Boundary control of PDEs:
A course on backstepping designs, volume 16. Siam, 2008.
[15] A. Smyshlyaev a M. Krstic. Closed-form boundary state feedbacks
for a class of 1-d partial integro-d fferential equations. Automatic
Control, IEEE Transactions on, 49(12):2185–2202, Dec 2004.
[16] Mojtaba Izadi and Stevan Dubljevi . Backstepping output-feedback
contr l of moving b undary parabolic PDEs. European Journal of
Control, 21(0):27 – 35, 2015.
[17] Shuxia Tang and Chengkang Xie. Stabilization for a coupled PDE-
ODE contro system. Journal of the Franklin Institute, 348(8):2142–
2155, 2011.
[18] S. Gupta. The lassi al Stefan problem. Basic concepts, Modelling
and Analysis. Applied ma ematics and Mechanics. North-Holland,
2003.
[19] S. Koga, M. Diagne, S. Tang, a d M. Krstic. Backstepping control of
a one-phas st fan problem. In ACC (accepted), 2016.
0 50 1 0 50
0.1
0.2
0.3
0.4
Time (min)
s
(t
),
sˆ
(t
)
 
 
s(t), state
sˆ(t), estimation
sr = 0.35m
Fig. 1. The movin interfac .
0 50 1 0 50
0.002
0.004
0.006
0.008
0.01
Time (min)
s˜
(t
)2
 
 
ϵ = 0.02
ϵ = 0.04
ϵ = 0.06
Fig. 2. H1 norm of th temperature.
VIII. CONCLUS ONS A D FUTURE WORKS
Along this paper we pro osed an observer esign and
b ndary output feedback controller that achieves the
exponential stability sum of the moving interface,
H1-norm of the t mperature, nd estimation error of them
through a measurement of the movi g interface. A no line r
backstepping tr nsformation for moving boundary problem
is utilized and the cont ller is proved to ke p positive with
some in al c nditio s, which guarantees some physical
prope ties required for th validity of mode and the proof
of stability. The main contribut on of th paper is at,
this is the first re ult which shows th onvergence of
estimation error and output feedback sys ems of one-phase
Stefan Pr blem theore ica ly. Although the Stefan Probl m
0 20 40 60 80 1000.3
0.31
0.32
0.33
0.34
0.35
0.36
Time (min)
s
(t
)
 
 
Critical region
StateFB
OutputFB
sr = 0.35m
Fig. 3. The pos tiveness verification of the controller.
has been well known model since 200 years ago related
wi h phase transition which appears in various situations
of nature and engineeri g, its co trol or estimation related
problem has not b en investiga ed in detail. Towards an
application to the estimation of s a-ice melting or fr ezing
in Antarctica, t is more prac ical to construct an observer
design with a m asure ent of t mp rature at one boundary,
and it is investigated as a future work.
0 s(t) L
R FERENCES
[1] Robert H. Martin and Mark E. Oxley. Moving boundaries in reaction-
diffusion systems with absorption. Nonlinear Analysis, 14(2):167 –
192, 1990.
[2] W. B. Dunbar, N. Petit, P. Rouchon, a d Ph. Martin. Motion planning
fo a no linear stefan problem. ESAIM: Control, Optimisation and
Calculus of Variations, 9:275–296, 2003.
[3] Bryan Petrus, Joseph Bentsman and Brian G Thom s. Enthalpy-based
feedb ck control algorithms for the stefan problem. In CDC, pages
7 37–7042, 2012.
[4] N. Daraoui, P. Dufour, H. Hammouri, and A. ottot. Model predictive
control during the primary drying stage of lyophilisation. Control
Engineering Practice, 18(5):483–494, 20 0.
[5] F. Conrad D. Hilhorst, and T. I. Se dman. Well-posedness of a moving
boundary problem ari ing n a dissolution- rowth process. Nonlinear
Analysis, 15(5):445 – 465, 1990.
[6] A. Armaou and P.D Christofides. Robust control of paraboli PDE
systems with time-dep n ent spatial d ains. Autom tica, 37(1):61 –
69, 2001.
[7] N. Petit. Control pr blems for e-dimensional fluids and reactive
fluids with moving interfaces. In Adva ces in the the ry of co trol,
ignals and systems with physical od l ng, volume 407 of Lecture
n tes in control and information sciences, pages 323–337, Lausanne,
Dec 2010.
[8] Panagiotis D. Christofides. Robust control of paraboli PDE systems.
Chemical Engi e ring Science, 53(16):2949 – 296 , 1998.
[9] Bryan Petrus, Joseph Bentsm , and Bri n G Thomas. Feedback
contr l of the two-phase stefan problem, with application to the
continu us casting f steel. In Decision and ontrol (CDC), 2010
49th IEEE Conference on, pages 1731–1736. IEEE, 2010.
[10] Ahm d Maidi and Jean-Pierre Corriou. Boundary geometric co trol of
a linear stefan p ob em. J urnal of Process Co trol, 24(6):939–946,
2014.
[11] C. Karvaris and J. . ntor. Geometric methods fo nonlinear process
ontrol i. Background, Industrial & E gineering Chemistry Research,
29:22 5–2310, 1990.
[12] C Karvaris and J. C. nto . Geometric methods fo nonlinear process
contro ii. Controller syn hesis, Indust ial & Engineering Chemistry
Research, 29:231 –2323, 1990.
[13] Ahmed M idi, Moussa Diaf, and Jean-Pierre Corriou. Boundary
geometric control of a counter-current h at exchanger. Journal of
Process Control, 9( ):2 7–313, 200 .
[14] Miroslav Krstic and Andr y Smyshlyaev. Boundar control of PDEs:
A course o backstepping designs, volume 16. Siam 2008.
[15] A. Smyshlyaev and M. Kr tic. Cl se -form boundary state feedbacks
for a class of 1-d part al integro-differe tial equations. Automatic
Control, IEEE Transacti ns on, 49(1 ):2185–2202, Dec 2004.
[16] Mojtaba Izadi and Stevan Dubljevic. Backstepping output-feedback
control of moving boundary parabolic PDEs. Eu opean Journal of
Control, 21(0):27 – 35, 2015.
[17] Shuxia Tang d C engk ng Xie. Stabilization for a coupled PDE-
ODE contr l system. Jour al of the Franklin Institute, 348(8):2142–
2155, 2011.
[18] S. Gupta. The classical Stefan problem. Basic concepts, Modelling
and Analysis. Applied m thematics and Mec anics. North-Holland,
2003.
[19] S. Koga, M. Diagne, S. T ng, and M. Krstic. Backstepping control of
a one-phase stefa problem. In ACC (accepted), 2016.
0 50 100 1500
0.1
0.2
0.3
0.4
Time (min)
s
(t
),
sˆ
(t
)
 
 
s(t), state
sˆ(t), estimation
sr = 0.35m
Fig. 1. The moving interface.
0 50 100 1500
0.002
0.004
0.006
0.008
0.01
Time (min)
s˜
(t
)2
 
 
ϵ = 0.02
ϵ = 0.04
ϵ = 0.06
Fig. 2. H1 norm of the temperature.
VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
expon tial stability of sum of th m vi g interface,
H1-n of th temperature, nd estimatio error of them
through a measurement f the m ving interface. A nonlinear
backstepping transformation for moving boundary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guarantees some physical
properties required for the validity of model and the proof
of stability. The main contribution of this paper is that,
this is the first result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem theoretically. Although the Stefan Problem
0 20 40 60 80 1000.3
0.31
0.32
0.33
0.34
0.35
0.36
Time (min)
s
(t
)
 
 
Critical region
StateFB
OutputFB
sr = 0.35m
Fig. 3. The positiveness verification of the controller.
has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
0 s(t) L x
REFERENCES
[1] Robert H. Martin and Mark E. Oxley. Moving boundaries in reaction-
diffusion systems with absorption. Nonlinear Analysis, 14(2):167 –
192, 1990.
[2] W. B. Dunbar, N. Petit, P. Rouchon, and Ph. Martin. Motion planning
for a nonlinear stefan problem. ESAIM: Control, Optimisation and
Calculus of Variations, 9:275–296, 2003.
[3] Bryan Pe us, Joseph Bents d Brian G Thomas. Enthalpy-based
feedback control a gorith t e stefan roblem. In DC, pages
7037–7042, 2012.
[4] N. Daraoui, P. Dufour, H. Hammouri, and A. Hottot. Model predictive
control during the primary drying stage of lyophilisation. Control
Engineering Practice, 18(5):483–494, 2010.
[5] F. Conrad, D. Hilhorst, and T. I. Seidman. Well-posedness of a moving
boundary problem arising in a dissolution-growth process. Nonlinear
Analysis, 15(5):445 – 465, 1990.
[6] A. Armaou d P.D. Christofides. Robust control of parabolic PDE
systems with time-dependent spatial domains. Automatica, 37(1):61 –
69, 2001.
[7] N. Petit. Control problems for one-dimensional fluids and reactive
fluids with moving interfaces. In Advances in the theory of control,
signals and systems with physical modeling, volume 407 of Lecture
notes in contr l and information sciences, pages 323–337, Lausanne,
D c 20 0.
[8] Panagiotis D. Chri tofides. Robust ontrol of parabolic PDE systems.
Chemical Engineering Science, 53(16):2949 – 2965, 1998.
[9] Bryan Petrus, Joseph Bentsman, and Brian G Thomas. Feedback
control of the two-phase stefan problem, with an application to the
continuous casting of steel. In Decision and Control (CDC), 2010
49th IEEE Conference on, pages 1731–1736. IEEE, 2010.
[10] Ahmed M idi an Jean-Pierre C rriou. Boun ary geometric c ntrol of
a l nea stefan problem. Journ l of Proc s Control, 24(6):939–946,
2014.
[11] C. Karvaris and J. C. Kantor. Geo etric methods for nonlinear process
control i. Background, Industrial & Engineering Chemistry Research,
29:2295–2310, 1990.
[12] C Karvaris and J. C. Kantor. Geometric methods for nonlinear process
control ii. Controller synthesis, Industrial & Engineering Chemistry
Research, 29:2310–2323, 1990.
[13] Ahmed Maidi, Moussa Diaf, and Jean-Pierre Corriou. Boundary
geometric contr l of a counter-current heat exchanger. Journal of
Process Control, 19(2):297–313, 2009.
[14] Miroslav Krstic and Andrey Smyshlyaev. Boundary control of PDEs:
A course on backstepping designs, volume 16. Siam, 2008.
[15] A. Smyshlyaev and M. Krstic. Closed-form boundary state feedbacks
for a class of 1-d partial integro-differential equations. Automatic
Control, IEEE Transacti ns on, 49(12):2185–2202, Dec 2004.
[16] Mojtaba Izadi and Stevan Dubljevic. Backstepping output-feedback
control of oving bound ry parabolic PDEs. European Jour al of
Control, 21(0):27 – 35, 2015.
[17] Shuxia Tang and Chengkang Xie. Stabilization for a coupled PDE-
ODE control system. Journal of the Franklin Institute, 348(8):2142–
2155, 2011.
[18] S. Gupta. The classical Stefan problem. Basic concepts, Modelling
and Analysis. Applied mathematics and Mechanics. North-Holland,
2003.
[19] S. Koga, M. Diagne, S. Tang, and M. Krstic. Backstepping control of
a one-phase stefan problem. In ACC (accepted), 2016.
0 50 100 1500
0.1
0.2
0.3
0.4
Time (min)
s
(t
),
sˆ
(t
)
 
 
s(t), state
sˆ(t), estimation
sr = 0.35m
Fig. 1. The moving interface.
0 50 100 1500
0.002
0.004
0.006
0.008
0.01
Time (min)
s˜
(t
)2
 
 
ϵ = 0.02
ϵ = 0.04
ϵ = 0.06
Fig. 2. H1 norm of the temperature.
VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
exponential stability of sum of the moving interface,
H1-norm of the temperature, and estimation error of them
through a measurement of the moving interface. A nonlinear
backstepping transformation for moving boundary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guarantee some physical
properties required for the validity of odel and th proof
of stability. The main contribution of th s paper s that,
this is the first result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem theoretically. Although the Stefan Problem
0 20 40 60 80 1000.3
0.31
0.32
0.33
0.34
0.35
0.36
Time (min)
s
(t
)
 
 
Critical region
StateFB
OutputFB
sr = 0.35m
Fig. 3. The positiveness verification of the controller.
has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards n
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature a ne boundary,
and it is investigated as a futu e work.
0 s(t) L x qc(t)
REFERENCES
[1] Robert H. Martin and Mark E. Oxley. Moving boundaries in reaction-
diffusion systems with absorption. Nonlinear Analysis, 14(2):167 –
192, 1990.
[2] W. B. Dunbar, N. Petit, P. Rouchon, and Ph. Martin. Motion planning
for a nonlinear stefan problem. ESAIM: Control, Optimisation and
Calculus of Variations, 9:275–296, 2003.
[3] Bryan Petrus, Joseph Bentsman, and Brian G Thomas. Enthalpy-based
feedback control algorithms for the stefan probl m. In CDC, pages
7037–7042, 2012.
[4] N. Daraoui, P. Dufour, H. Hammouri, and A. Hottot. Model predictive
control during the primary drying stage of lyophilisation. Control
Engineering Practice, 18(5):483–494, 2010.
[5] F. Conrad, D. Hilhorst, and T. I. Seidman. Well-posedness of a moving
boundary problem arising in a dissolution-growth process. Nonlinear
Analysis, 15(5):445 – 465, 1990.
[6] A. Armaou and P.D. Christofides. Robust control of parabolic PDE
systems with time-dependent spatial domains. Automatica, 37(1):61 –
69, 2001.
[7] N. Petit. Control problems for one-dimensional fluids and reactive
fluids with moving interfaces. In Advances in the theory f cont ol,
signals and systems with physical modeling, volume 407 of Lecture
notes in control and information sciences, pages 323–337, Lausanne,
Dec 2010.
[8] Panagiotis D. Christofides. Robust control of parabolic PDE systems.
Chemical Engineering Science, 53(16):2949 – 2965, 1998.
[9] Bryan Petrus, Joseph Bentsman, and Brian G Thomas. Feedback
control of the two-phase stefan problem, with an application to t e
continuous casting of steel. In Decisio and Contr l (CDC), 2010
49th IEEE Conference on, pages 1731–1736. IEEE, 2010.
[10] Ahmed Maidi and Jean-Pierre Corriou. Boundary geometric control of
a lin ar stefan problem. Journal of Process Control, 24(6):939–946,
2014.
[11] C. Karvaris and J. C. Kantor. Geometric methods for nonlinear process
control i. Background, Industrial & Engineering Chemistry Research,
29:2295–2310, 1990.
[12] C Karvaris and J. C. Kantor. Geometric methods for nonlinear process
control ii. Controller synthesis, In ustrial & Engineering Chemistry
Research, 29:2310–2323, 1990.
[13] Ahmed Maidi, Moussa Diaf, and Jean-Pierre Corriou. Boundary
geometric control of a counter-current heat exchanger. Journal of
Process Control, 19(2):297–313, 2009.
[14] Miroslav Krstic and Andrey Smyshlyaev. Boundary control of PDEs:
A course on backstepping designs, volume 16. Siam, 2008.
[15] A. Smyshlyaev and M. Krstic. Closed-form boundary state feedbacks
for a class of 1-d partial integro-differential equations. Automatic
Control, IEEE Transactions on, 49(12):2185–2202, Dec 2004.
[16] Mojtaba Iza i and Stevan Dubljevic. Backstepping output-feedback
control of moving boundary parabolic PDEs. European Journal of
Control, 21(0):27 – 35, 2015.
[17] Shuxia Tang and Chengkang Xie. Stabilization for a coupled PDE-
ODE control system. Journal of the Franklin Institute, 348(8):2142–
2155, 2011.
[18] S. Gupta. The classical Stefan problem. Basic concepts, Modelling
and Analysis. Applied mathematics and Mechanics. North-Holland,
2003.
[19] S. Koga, M. Diagne, S. Tang, and M. Krstic. Backstepping control of
a one-phase stefan problem. In ACC (accepted), 2016.
0 50 100 1500
0.1
0.2
0.3
0.4
Time (min)
s
(t
),
sˆ
(t
)
 
 
s(t), state
sˆ(t), estimation
sr = 0.35m
Fig. 1. The moving interface.
0 50 100 1500
0.002
0.004
0.006
0.008
0.01
Time (min)
s˜
(t
)2
 
 
ϵ = 0.02
ϵ = 0.04
ϵ = 0.06
Fig. 2. H1 norm of the temperature.
VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
exponential stability of sum of the moving in rface,
H1-norm of the temperature, and estimation error of the
through a measurement of the moving interface. A nonlinear
backstepping transformation for m v ng boundary problem
is utilized and the controller is proved to keep positive with
some initial conditions, which guar ntees some physic l
properties required for the validity of model and the proof
of stability. The main contribution of this paper is that,
this is the first result which shows the convergence of
estimation error and output feedback systems of one-phase
Stefan Problem theoretically. Although the Stefan Problem
0 20 40 60 80 1000.3
0.31
0.32
0.33
0.34
0.35
0.36
Time (min)
s
(t
)
 
 
Critical region
StateFB
OutputFB
sr = 0.35m
Fig. 3. The positiveness verification of the controller.
has been well known model since 200 years ago related
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. Towards an
application to th estimation f sea-ice elting or freezing
in Antarctica, it is more practical to construct an observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
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VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we proposed an observer design and
boundary output feedback controller that achieves the
exponential stability of sum of the moving interface,
H1-norm of the t mperatur , and estimation rr r of them
through a measurement of the movi g interface. A nonlinear
backstepping transformation for moving b undary problem
is utilized and t controller is proved t keep positive w th
some initial conditions, i guarantees some physi al
properties required for the validity of model and the proof
of stability. The ain contribution of this paper is that,
this is the first result which shows th convergence of
estimation error and output feedback systems of one-phase
Stefan Problem the retic lly. Although the Ste a Problem
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has been well known model since 200 years ago rela ed
with phase transition which appears in various situations
of nature and engineering, its control or estimation related
problem has not been investigated in detail. To ards an
application to the estimation of sea-ice melting or freezing
in Antarctica, it is more practical to con ruct a observer
design with a measurement of temperature at one boundary,
and it is investigated as a future work.
0 s(t) L x qc(t) T (x, t)
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Consider a physical model hich describes the melti g or
s lidification mech ism in a pure o e-component material
of length L in one dime sion. In order to describe a position
at which phase transitio from liquid to solid occurs (or
equivalently, in the reverse direction) mathematically, we
divide the domain [0, L] into the two time varying sub-
d mains, namely, [0, s(t)] occupied by the liquid hase, and
[s(t), L] by the solid phase. A heat flux is manipulated
into the material through the boundary at x = 0 of the
liquid phase, which affects the dynamics of the solid-liquid
interface. As a c sequence, he heat equation l e does n t
provide a complete description f the ph e transition nd
must be coupled with an unknown dynamics that describes
th moving boundary ssuming that the temperature in the
liquid phase is not lower than the melting temperature Tm
of he material, the following coupled system consisting of
• the diffusio equatio of the temperature in the liquid-
phase which is writte a
Tt(x, t) = αTxx(x, t), ≤ x ≤ s(t), α := k
ρCp
, (1)
with the boundary co ditions
−kTx(0, t) = qc(t), (2)
T (s(t), t) = Tm, (3)
and th initial c n t ons
T (x, 0) = T0(x), s0 = s0 (4)
where T (x, t), qc(t), ρ, Cp and k are the distributed
temperature f the liquid , ma ipulated heat flux,
liquid dens ty, the liqu d heat capacity, and the liquid
heat conductivity, respectively.
and
• th local energy b lance at the osition of the liquid-
solid int r ace x = s(t) wh ch yields to the foll wing
ODE
s˙(t) = −βTx(s(t), t), β := k
ρ∆H∗
(5)
that describes the dynamics of moving boundary. The
ph ic l parameter ∆H∗ represents the latent heat of
fusion.
For the sake of brevity, we efer the read rs t [ 0], where
the Stefan condit on in the case of a solidification proc ss is
derived.
Remark 1: As the moving interface s(t) is unknown
x licitly, the pr blem defined in (1)–(5) is a highly nonlinear
pr bl m. Note that this non-linearity is purely geometric
rather than algebraic.
Remark 2: Due to the so-called isothermal interface
condition that prescribes the melting temperature Tm at the
interface through (3), this form of the Stefan problem is a
reasonable model only if the foll wing conditions hold:
T (x, t) ≥ Tm for all x ∈ [0, s(t)], (6)
s˙(t) ≥ 0 for all t ≥ 0 (7)
From Remark 2, i is plausibl to assume the existence of a
positive constant H such that
0 ≤ T0(x)− Tm ≤ H(s0 − x). (8)
We recall the following lemma that ensures the validity of
the model (1)–(5).
Lemma 1: For any qc(t) > 0 on the finite time interval
(0, t¯), T (x, t) > Tm, ∀x ∈ (0, s(t)) and ∀t ∈ (0, t¯). And
then s˙(t) > 0, ∀t ∈ (0, t¯).
The r of of the lemma 1 is based on Maximum Principle
and H f’s Lemma as shown in [20].
III. CONTROL PROBLEM STATEMENT
In this model, the heat flux qc(t) is manipulated as a
boundary controller. The objective of control is to drive
the moving b undary s(t) to a desired position sr while
ensur ng the converge c of the H1-norm of the temperature
T (x, t) in the liquid phase. We denote the reference error of
liquid temperature and the moving interface as u(x, t) =
T (x, t)− Tm and X(t) = s(t)− sr, respectively. The main
theorem of this paper is stated as follows.
Theorem 1: Cons der a closed-loop system consisting of
the plant (1)–(5) and the control law
qc(t) = −ck
(
1
α
∫ s(t)
0
(T (x, t)− Tm)dx
+
1
β
(s(t)− sr)
)
. (9)
where c > 0 is n arbitral controller gain. Assume that the
initial condition (T0(x), s0) is compatible with the control
law and satisfies (8). For any reference setpoint sr which
satisfies th following inequality
sr > s0 +
Cp
∆H∗
∫ s0
0
(T0(x)− Tm)dx, (10)
the closed-loop system is exponentially stable in the sense
of the n rm
||T − Tm||2H1 + (s(t)− sr)2. (11)
Th pr of i to b give below.
IV. BACKSTEPPING TRANSFORMATION FOR MOVING
BOUNDARY FORMULATION
A. Direct transformation
In this section, we introduce the following new backstep-
ping transformation in order to achieve a target system that
is exponentially stable.
w(x, t) =u(x, t)− c
α
∫ s(t)
x
(y − x)u(y, t)dy
+
c
β
(s(t)− x)X(t) (12)
This transformation is an extension of the one first introduced
in [17], to moving boundary problems proposed in [16].
By taking the derivative of (12) with respect to t and x
respectively along the solution of (1)-(5) with the control
law (9), we derive the following target system
wt(x, t) = αwxx(x, t) +
c
β
s˙(t)X(t) (13)
with the boundary conditions which are given as
w(s(t), t) = 0 (14)
wx(0, t) = 0. (15)
with the help of (12), the ODE (5) is rewritten as
X˙(t) = −cX(t)− βwx(s(t), t) (16)
B. Inverse transformation
The original system (1)–(5) and the target system (13)–
(16) have equivalent stability properties if the transformation
(12) is invertible. Let us consider the following inverse
transformation
u(x, t) = w(x, t) +
∫ s(t)
x
l(x, y)w(y, t)dy
+h(s(t)− x)X(t), (17)
where l(x, y) is the kernel function. Taking derivative of (17)
with respect to t and x respectively along the solution of
(13)-(16), the following relation is derived
ut(x, t)− αuxx(x, t) = 2α
(
d
dx
l(x, x)
)
w(x, t)
− α
∫ s(t)
x
(lxx(x, y)− lyy(x, y))w(y, t)dy
+
(
c
β
(
1 +
∫ s(t)
x
l(x, y)dy
)
+ h′(s(t)− x)
)
s˙(t)X(t)
− (αh′′(s(t)− x) + ch(s(t)− x))X(t)
+ (αl(x, s(t))− βh(s(t)− x))wx(s(t), t) (18)
u(s(t), t) = h(0)X(t) (19)
ux(s(t), t) = wx(s(t), t)− h′(0)X(t) (20)
In order to hold (1)-(5) for any continuous functions
(w(x, t), X(t)), by (18)-(20), h(s(t)−x) and l(x, y) satisfy
αh′′(s(t)− x) + ch(s(t)− x) = 0 (21)
h(0) = 0, h′(0) = − c
β
(22)
lxx(x, y)− lyy(x, y) = 0 (23)
d
dx
l(x, x) = 0 (24)
c
β
(
1 +
∫ s(t)
x
l(x, y)dy
)
+ h′(s(t)− x) = 0 (25)
αl(x, s(t))− βh(s(t)− x) = 0 (26)
By (21) and (22), the solution of h(s(t)− x) is given by
h(s(t)− x) = −
√
cα
β
sin
(√
c
α
(s(t)− x)
)
(27)
In addition, the conditions (23)-(26) hold for
l(x, s(t)) = −
√
c
α
sin
(√
c
α
(s(t)− x)
)
(28)
Finally, from (27) and (28), the inverse transformation is
written as
u(x, t) =w(x, t)−
√
cα
β
sin
(√
c
α
(s(t)− x)
)
X(t)
−
∫ s(t)
x
√
c
α
sin
(√
c
α
(y − x)
)
w(y, t)dy (29)
V. PHYSICAL CONSTRAINTS
Noting that qc(t) > 0 is required by Remark 2 and Lemma
1, the overshoot beyond the reference sr is prohibited to
achieve the control objective s(t)→ sr due to its increasing
property (7), which means s(t) < sr is required to be
satisfied for ∀t > 0. In this section, we derived the condition
that guarantees these two conditions
qc(t) > 0, s(t) < sr, ∀t > 0 (30)
, namely ”physical constraints”. Physically, a negative con-
troller may lead to a freezing process.
Proposition 1: If the initial condition satisfies (10), then
qc(t) > 0 and s0 < s(t) < sr for ∀t > 0.
Proof: By taking the time derivative of (9), we have
q˙c(t) =− ck
(
1
α
∫ s(t)
0
ut(x, t)dx+
1
α
s˙(t)u(s(t), t)
+
1
β
X˙(t)
)
= ckux(0, t) = −cqc(t) (31)
The solution of qc(t) can be written explicitly as
qc(t) = qc(0)e
−ct (32)
Therefore, if the initial condition satisfies (10), which leads
to qc(0) > 0, then we can state that qc(t) > 0 for any t.
Next, by Lemma 1, if qc(t) > 0 for ∀t > 0, then it deduces
to
T (x, t) > Tm, s˙(t) > 0, ∀y ∈ (0, s(t)),∀t > 0. (33)
Knowing qc(t) > 0 and T (x, t) > Tm, by (9), we deduce
s(t) < sr, ∀t > 0 (34)
In addition, by s˙(t) > 0, it leads to s0 < s(t). Connecting
this result with (34), we derive
s0 < s(t) < sr, ∀t > 0. (35)
In the following, we assume that (10) is satisfied. We use the
property of (33) and (35) to show the Lyapunov stability.
VI. LYAPUNOV STABILITY
We recall that in order to design backstepping controller
(9) and the target system (13)–(16) we introduce the trans-
formation (12) and its inverse (17). The exponential stability
of the scaled system (1)–(5) is guaranted if the nonlinear
target system (13)–(16) is exponentially stable and the trans-
formation (12) admits a unique inverse defined as (17). In
the following we establish the exponential stability of the
closed-loop control system H1-norm of the temperature and
the moving boundary based on the analysis of the associated
target system (13)–(16) .
A. Exponential stability for the target (w,X)-system
Let V1 be a functional such that
V1 =
1
2
∫ s(t)
0
w(x, t)2dx
+
1
2
∫ s(t)
0
wx(x, t)
2dx+
p
2
X(t)2 (36)
with a positive number p > 0 which is chosen later. Then, by
taking the derivative of (36) along the solution of the target
system (13)-(16) , we have the following
dV1
dt
= −α
∫ s(t)
0
wxx(x, t)
2dx
− α
∫ s(t)
0
wx(x, t)
2dx− pcX(t)2 − pβX(t)wx(s(t), t)
+ s˙(t)
(
α
c
β
X(t)
∫ s(t)
0
w(x, t)dx
−α c
β
X(t)wx(s(t), t)− 1
2
wx(s(t), t)
2
)
(37)
By (35), Pointcare’s inequality and Agmon’s inequality are
obtained as∫ s(t)
0
w(x, t)2dx ≤ 4s2r
∫ s(t)
0
wx(x, t)
2dx, (38)
wx(s(t), t)
2 ≤ 4sr
∫ s(t)
0
wxx(x, t)
2dx. (39)
Applying these, Young’s inequality, Cauchy-Schwartz in-
equality, and (33) to (37), we have
dV1
dt
≤ − α
4s2r + 1
(∫ s(t)
0
wx(x, t)
2dx+
∫ s(t)
0
w(x, t)2dx
)
− p
(
c− pβ
2sr
α
)
X(t)2
+
cαs˙(t)
2β
(∫ s(t)
0
w(x, t)2dx+
(
1 +
cα
β
)
X(t)2
)
(40)
Suppose that p is chosen to satisfy the following
0 < p <
cα
β2sr
(41)
For any choice of c > 0, there exists p > 0 such that (41)
holds. Consider the Lyapunov functional
V = V1e
−as(t) (42)
then, by choosing the parameter a such that
a =
cα
2β
max
{
1,
1
p
(
1 +
cα
β
)}
, (43)
we have
dV
dt
≤
[
− α
4s2r + 1
(∫ s(t)
0
wx(x, t)
2dx
+
∫ s(t)
0
w(x, t)2dx
)
− p
(
c− pβ
2sr
α
)
X(t)2
]
e−as(t)
≤ −bV (44)
where b is defined as
b = min
{
2α
4s2r + 1
, 2
(
c− pβ
2sr
α
)}
(45)
By the relation (42) and Corollary 1 that s0 ≤ s(t) ≤ sr, we
arrive at
V1(t) ≤ V1(0)ea(sr−s0)e−bt (46)
B. Exponential stability for the original (u,X)-system
From the direct transformation (12) and the inverse trans-
formation (17) and using Young’s and Cauchy-Schwarz
inequality, we have∫ s(t)
0
w(x, t)2dx ≤M1
∫ s(t)
0
u(x, t)2dx+M2X(t)
2 (47)
and ∫ s(t)
0
wx(x, t)
2dx ≤ 3
∫ s(t)
0
ux(x, t)
2dx
+M3
∫ s(t)
0
u(x, t)2dx+M4X(t)
2 (48)
∫ s(t)
0
u(x, t)2dx ≤M5
∫ s(t)
0
w(x, t)2dx+M6X(t)
2 (49)
∫ s(t)
0
ux(x, t)
2dx ≤ 3
∫ s(t)
0
wx(x, t)
2dx
+M7
∫ s(t)
0
w(x, t)2dx+M8X(t)
2 (50)
where
M1 = 3
(
1 +
c2s3r
3α2
)
, M2 =
c2s3r
β2
(51)
M3 = 3
c2sr
α2
, M4 = 3
c2sr
β2
(52)
M5 = 3
(
1 +
cs2r
2α
{
1− sinc
(
2
√
c
α
sr
)})
(53)
M6 =
3cαsr
2β2
{
1− sinc
(
2
√
c
α
sr
)}
(54)
M7 =
3c2s2r
2α2
{
1 + sinc
(
2
√
c
α
sr
)}
(55)
M8 =
3c2sr
2β2
{
1 + sinc
(
2
√
c
α
sr
)}
(56)
Adding (47) to (48) and (49) to (50), we derive the following
inequality
δ
(∫ s(t)
0
u(x, t)2dx+
∫ s(t)
0
ux(x, t)
2dx+X(t)2
)
≤
∫ s(t)
0
w(x, t)2dx+
∫ s(t)
0
wx(x, t)
2dx+ pX(t)2
≤ δ¯
(∫ s(t)
0
ux(x, t)
2dx+
∫ s(t)
0
u(x, t)2dx+X(t)2
)
(57)
where
δ¯ = max{M1 +M3, p+M2 +M4}
δ =
min {1, p}
max {M5 +M7,M6 +M8 + 1} (58)
Defining the parameter D > 0 as
D =
δ¯
δ
easr , (59)
by (46) and (57), for any choice of c > 0 there exists D > 0
and b > 0 such that∫ s(t)
0
u(x, t)2dx+
∫ s(t)
0
ux(x, t)
2dx+X(t)2
≤ D
(∫ s0
0
u0(x)
2dx+
∫ s0
0
u′0(x)
2dx+X(0)2
)
e−bt,
(60)
which completes the proof of Theorem 1.
VII. NUMERICAL SIMULATION
As in [9], the simulation is performed considering a strip
of zinc whose physical properties are given in Table 1 using
the well known boundary immobilization method and finite
difference semi-discretization. The setpoint of the interface
is sr=0.35m. The initial distribution of the temperature error
is set as T0(x)−Tm = H(s0−x) with H=10000K·m−1. The
controller gain c is chosen arbitrarily, but small enough to
avoid numerical instabilities, and here it is chosen c=0.01.
The dynamics of the moving interface s(t) and H1-norm
of temperature error ||T (x, t)− Tm||H1 are depicted in Fig.
2 and Fig. 3, respectively for two different initial position
of the moving interface, namely, s0=0.01m (blue dash) and
s0=0.25m (red dash). Time evolution of the control input is
depicted in Fig 4. The simulation of coupled system with s0
=0.01m shows that the interface converges to its setpoint
while keeping s˙(t) > 0 and s(t) < sr with a positive
control signal qc(t) > 0 as we expected from theoretical
result, because the setpoint and initial condition satisfy (10).
However, the system with the interface initialized at the
position s0 =0.25m leads to s˙(t) < 0, s(t) > sr, and a
negative control signal because the choice of setpoint doesn’t
satisfy (10). Therefore, the numerical simulation is consistent
with our theoretical result. We emphasize that the proposed
controller does not require the restriction imposed in [9]
regarding the material properties, although the equation of
the controller is the same as the one proposed in [15] for a
Stefan problem which describes a solidification process. In
that sense, the proposed controller in the present result offers
more modularity to a large class of materials, and guarantees
the exponential stability of the sum of interface error andH1-
norm of temperature error, compared to [15] which provides
only an asymptotical stability result.
TABLE I
PHYSICAL PROPERTIES OF ZINC
Description Symbol Value
Density ρ 6570 kg ·m−3
Latent heat of fusion ∆H∗ 111,961J · kg−1
Heat Capacity Cp 389.5687 J · kg−1 ·K−1
Thermal conductivity k 116 w ·m−1
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Fig. 2. The moving interface.
VIII. CONCLUSIONS AND FUTURE WORKS
Along this paper we studied a one-phase Stefan problem
in 1-D and proposed a boundary feedback controller that
achieves the exponential stability of sum of the moving
interface and the H1-norm of the temperature based on the
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Fig. 3. H1-norm of the temperature.
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Fig. 4. The positiveness verification of the controller.
full state measurement. A nonlinear backstepping transfor-
mation for moving boundary problem is utilized and the
controller is proved to remain positive, which guarantees
some physical properties required for the validity of the
model and the proof of stability. There are two contributions
stated in our conclusion. Firstly, our approach offers an
interesting perspective regarding the backstepping control of
moving boundary problem whose dynamics depends on the
system. Secondly, we showed the exponential stability of the
sum of the interface error and the H1-norm of temperature
error, while in [9] and [15] it was shown asymptotical
stability of interface error and exponential stability of L2-
norm of temperature error. Adding a dissipative term in the
transformation would allow faster convergence and must be
considered as a future direction. The design of an observer
that enables to reconstruct the full state based on the bound-
ary measurement is of practical interest in such type of
problem and will be considered in our future work.
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